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We show that in quantum Hall systems at half-filling, edge potentials alone can drive transitions
between the Pfaffian and anti-Pfaffian topological phases. We conjecture this is true in realistic
systems even in the presence of bulk interactions that weakly break the particle-hole symmetry. The
strong effects of edge potentials could be understood from different topological shifts of competing
phases at half filling, manifested on the disk geometry as the variation of orbital numbers at fixed
number of particles. In particular, we show analytically particle-hole conjugation of Hamiltonians on
the disk is equivalent to the tuning of edge potentials, which allows us to explicitly demonstrate the
phase transition numerically. The importance of edge potentials in various experimental contexts,
including the recently discovered particle-hole symmetric phase, is also discussed.
PACS numbers: 73.43.Lp, 71.10.Pm
The fractional quantum Hall (FQH) effect, realized
with a strong magnetic field perpendicular to a two-
dimensional electron system, is a fascinating breeding
ground for strongly correlated topological phases[1]. One
particularly interesting family of topological phases is
the non-Abelian states with unconventional clustering
between electrons[2, 3]. Quasiparticle excitations from
these states have topologically protected internal de-
grees of freedom, leading to anyonic braiding statistics
when one is adiabatically dragged around another[4].
The Moore-Read (MR) state in a half-filled Landau
level (LL) is one such non-Abelian candidate that has
been subjected to intense theoretical and experimental
studies[2, 5–16] for its topological nature.
One of the first proposed candidates of the non-Abelian
MR states is the Pfaffian (Pf) state, the exact zero
energy gapped ground state of a particular three-body
Hamiltonian[17]. It was soon realized that the Pfaffian
state breaks the particle-hole (PH) symmetry at half-
filling. Its PH partner, aptly named as the anti-Pfaffian
(APf), is also a potential candidate for the FQH state
at half-filling[18, 19]. More importantly, the Pf and APf
states belong to distinct topological phases. Other the-
oretically proposed topological orders at half-filling in-
clude the PH-Pf phase[10, 11], U (1)×SU (2)2 order[20],
as well as the abelian phases including the K = 8
state[20, 21], multicomponent 331 state and 113 state
(the latter is topologically equivalent to the PH conju-
gate of the K = 8 state)[12, 22, 23]. Experimental re-
alization and identification of topological orders at half-
filling based on different edge dynamics have been an
arduous journey[5–9]. Early shot noise[5] and tunneling
experiments[6–9] all point to quasiparticles with charge
e/4, and the tunneling exponents seem to suggest that
both APf and 331-like phases[7–9] can be realised under
different experimental conditions. More recently, thermal
Hall conductivity measurements[10] indicate the topolog-
ical phase realized at half-filling is PH symmetric. The
proposed PH symmetric Pfaffian (PH-Pf) [11], however,
has yet to have numerical evidence on being adiabatically
connected to incompressible ground states of realistic sys-
tems, even for systems with disorder [23–25].
In the limit of strong magnetic field, the effective
Hamiltonian of the FQH systems contains only two-body
interactions, which is PH symmetric at half filling for sys-
tems without a boundary. Most of the focuses have been
on the possibility of spontaneous PH symmetry breaking
induced by effective bulk three-body interactions from LL
mixing, in systems with a finite perpendicular magnetic
field. Numerical and perturbative calculations show that
in general, effective three-body interactions favor the APf
phase [26–31]. An important factor that breaks the PH
symmetry in real systems is the detailed one-body poten-
tials near the edge. One of the early works [13] hinted at
the possible Pf to APf transition at half filling by tuning
the background confining potential. In general, however,
the edge effects are ignored in the literature for two rea-
sons: firstly, the edge effects could be unimportant in
the thermodynamic limit, where the bulk Hamiltonian
should dictate the physics of the topological order from
spontaneous symmetry breaking; secondly, most numer-
ical studies of the PH symmetry breaking and the sta-
bility of the MR state are performed on sphere or torus
geometry, which have smaller finite-size effects.
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2In this Letter, we show for a PH symmetric interaction
at half-filling, the edge potential could be the dominant
factor in breaking the PH symmetry and favoring either
Pf or APf phases in the realistic systems. In fact, in the
limit of strong magnetic field, tuning the edge potentials
alone can drive the incompressible phase at half-filling
from Pf to APf and vice versa. Thus if Pf or APf phase is
realized at half-filling, explicit PH symmetry breaking by
the edge potentials is likely to be more important than
spontaneous symmetry breaking in many experimental
systems.
An intuitive way of understanding the importance of
edge potentials is to look at the topological shift of the
Pf and APf phase on sphere or disk geometry (S = −2
for Pf and S = +2 for APf), related to the topologically
protected guiding center Hall viscosity[33, 34]. Given
Ne electrons on disk geometry, the model wavefunction
can only be realized when the number of orbitals Norb =
2Ne−2 (for the Pf state), andNorb = 2Ne+2 (for the APf
state). On the disk with fixed magnetic field, the number
of orbitals accessible to electrons can be readily tuned by
the edge potentials. Without loss of generality, we as-
sume rotational invariance. Let H1bdy =
∑
m Vmc
†
mcm
be the one-body local potential term, where m is the
orbital index, and c†m, cm are the creation and annihi-
lation operators for electrons. If we take Vm = 0 for
m ≤ 2Ne − 2 and Vm = ∞ for m > 2Ne − 2, this is
equivalent to S = −2, giving the Hilbert space that is
accessible to the Pf state. However, if we take Vm = 0
for m ≤ 2Ne + 2 and Vm = ∞ for m > 2Ne + 2, this
gives the Hilbert space for the APf state. Thus the edge
potentials for the last four orbitals m ∈ [2Ne−2, 2Ne+2)
play a significant role: a possible transition from the Pf
phase to the APf phase can be induced by lowering Vm
in these four orbitals from large values, provided that the
interaction supports the Pf/APf phase in the bulk.
FIG. 1: An illustration of the possible states (given by their
root configurations) for eight electrons, with 2×8−2 orbitals
(left) and 2× 8 + 2 orbitals (right). The Hilbert space on the
left supports the Pf ground state and various “quasihole” APf
states, while the Hilbert space on the right supports the APf
ground state and quasihole Pf states.
As shown in Fig. 1, the Pf (APf) state also needs
to compete energetically against all possible “quasihole”
APf (Pf) states. While the two-body interaction by it-
self favours Pf and APf phase equally, there is a funda-
mental PH duality not only between Pf and APf ground
states, but also between their quasihole excitations. We
now carry out detailed analysis on how tuning edge po-
tentials can drive a transition between the Pf and APf
phase, where the only source of PH symmetry breaking
comes from the presence of the edge. We assume realistic
two-body interactions that can lead to a gapped Pf phase
with the right shift (Norb = 2Ne − 2), supported with
extensive numerical evidence[37, 38]. It can be shown
the same two-body interaction can lead to a gapped APf
phase with the same gap and ground state overlap, by
judicious tuning only the edge potentials.
Starting with the effective microscopic Hamiltonian on
the disk as follows:
H = H2bdy +H1bdy (1)
H2bdy =
Norb−1∑
m,n,m′,n′=0
V m
′n′
mn c
†
m′c
†
n′cmcn (2)
H1bdy =
Norb−1∑
m=0
Vmc
†
mcm (3)
The PH transformation is formally carried out by tak-
ing c†m → dm, cm → d†m. Denoting the PH conjugate
Hamiltonian as H′, simple algebra gives us:
H′ = H+H ′1bdy, H ′1bdy =
Norb−1∑
m=0
V¯mc
†
mcm (4)
V¯m = 4Vm − 2Vm, (5)
where Vm =
∑Norb−1
n=0 V
mn
mn originates from the normal
ordering of the PH conjugate of the two-body interac-
tions, physically representing the energy cost of adding
an electron to the mth orbital with a positively charged
uniform background. Vm depends on m non-trivially es-
pecially for m ∼ Norb on disk geometry[51].
The important message is that if H supports an in-
compressible topological state (as the global ground
state) adiabatically connected to the Pf state with Ne =
Norb/2 + 1, then by adding one-body potential H
′
1bdy,
the resulting H′ gives the spectrum with the same incom-
pressibility gap at Ne = Norb/2 − 1. The global ground
state overlap to the APf state is also the same as that of
H with the Pf state. For small systems, H ′1bdy is non-
trivial for orbitals in the bulk (see Fig. 2). However in
the thermodynamic limit, both Vm and Vm are only non-
uniform near the edge (see Fig. (2a) inset). Thus H ′1bdy
only significantly affects the edge potentials in real sys-
tems, and Eq.(4) could be treated as a rather general
analytic proof that tuning the edge potentials alone can
allow us to stabilize either Pf or APf phases.
Using finite size disk geometry, it is useful to show ex-
plicitly that we can induce a clear phase transition from
Pf to APf by just tuning the edge potentials. In partic-
ular, starting from Eq.(1), we fix H2bdy and only tune
H1bdy to realize different topological phases, by looking
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FIG. 2: a). By keeping the same two-body interaction, tun-
ing the one-body potential leads to the realization of the Pf
phase (as seen in b).) and the APf phase (as seen in c).) We
also include here the one-body potential that makes the full
Hamiltonian PH symmetric. The inset shows one-body po-
tentials from background charge of very large systems (20000
orbitals as indicated by the vertical dotted line), with interac-
tions given by the Haldane pseudopotentials V1, V3, V5 respec-
tively. In b) and c) the arrow gives the global ground state,
and the percentage gives the overlap with model Pf/APf wave
function.
at the overlap of the global ground state with model
wavefunctions. Realistically the detailed one-body po-
tentials near the edge are always present and can be quite
complicated; even the background neutralizing charge
contribution depends on the distance of the electron gas
from the background, and the local lattice deformation
near the edge. As a proof of principle, we tune the edge
potentials rather flexibly. This is similar to the theoret-
ical tuning of individual pseudopotentials for the bulk
interaction; here tuning the one-body potentials of dif-
ferent orbitals allow us to reveal qualitative physical pro-
cesses in a transparent manner. In Fig. 2, we focus on
the Hilbert space of 12 electrons in 26 orbitals, implic-
itly assuming that the one-body potentials Vm are very
large for m > 25. The Pf and APf state resides in the
total angular momentum sector M = 126 and 150 respec-
tively. We show explicitly that by tuning the one-body
potentials, especially for those with m ∈ [22, 25], we can
have the global ground state at M = 126 and M = 150,
with overlaps to Pf and APf states at 0.62 and 0.63
respectively[53]. The corresponding one-body potentials
are shown in Fig. 2(a). The fixed two-body interaction
is a short range interaction consisting of non-zero Hal-
dane pseudopotentials from V1 to V9. We specifically con-
structed this two-body interaction to enhance the over-
lap of the global ground states with Pf/APf model wave
functions to illustrate the feasibility of such edge poten-
tial driven phase transitions.
It is important to understand the competition be-
tween bulk LL mixing and edge potentials especially in
the thermodynamic limit, for deciding which topologi-
cal phase will be favoured. If both mechanisms lead to
very small PH symmetry breaking, it is generally be-
lieved that whether Pf or APf state is experimentally
selected depends on spontaneous symmetry breaking. In
this picture, the bulk interaction from LL mixing should
dominate in the thermodynamic limit. In real systems,
however, effective three-body interactions from LL mix-
ing can be very complicated and fail to prefer Pf over
APf (or vice versa), especially for very large magnetic
field and LL mixing becomes vanishingly small. In addi-
tion, there could be complicated domains of Pf and APf
phases[36] that are relatively small so that the thermody-
namic limit does not apply. In these scenario, even if PH
symmetry breaking of the edge potentials are subleading
to the bulk interaction in terms of the variational energy,
they can still play an important role in experimental sys-
tems.
In addition, PH symmetry breaking at half filling can
be not small in experimental systems. Here we show that
edge potentials not only explicitly break PH symmetry,
but also be a dominant effect in selecting the topologi-
cal phase at half-filling. For incompressible systems, the
bulk gap comes from the two-body interactions and effec-
tive three-body interactions from LL mixing, which does
not scale with the system size. In general the PH break-
ing three-body interactions from LL mixing is quite small
and suppressed by the strong magnetic field and screen-
ing of electron-electron interactions[35]. On the other
hand, the number of orbitals affected by the edge po-
tential scales with
√
Ne (see inset of Fig. (2a)). As a
result, one would expect changes of edge potentials to
have significant effects in inducing level crossing, and on
determining which topological phase is adiabatically con-
nected to the ground state of realistic systems.
We look at the extreme case where the bulk interaction
is very close to the model Hamiltonian for the APf phase,
while the edge potential strongly favors the Pf phase. We
use the following Hamiltonian:
H = (1− λ)HPf + λHAPf (6)
where HPf and HAPf are model Hamiltonians for Pf and
APf states, respectively. In Fig. 3(a), at Norb = 2Ne − 2
we clearly see that the edge effects play a dominant role
even if the three-body interaction is the leading part of
the bulk Hamiltonian. One should particularly note that
in this Hilbert space, the overlap of the ground state in
M = 150 with the APf model wavefunction is strictly
zero. This is not a finite-size effect, but is from the
squeezing properties of the APf model wave function[32],
closely related to its topological shift. Only “quasihole”
APf states can be realized with Norb = 2Ne−2, and even
very close to APf model Hamiltonian (λ ∼ 1), the overlap
of M = 126 ground state with Pf model wave function
4is very high, indicating those “quasihole” APf states are
not energetically competitive in this angular momentum
sector. At Norb = 2Ne + 2, we can also add a positive
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.2  0.4  0.6  0.8  1
(a)
Pf
APf
Pf
APf
Energy
Turning on the edge potential
O
ve
rla
p
λ
Pf(Full)
Pf(L=0)
APf
 0.2
 0.4
 0.6
 0.4  0.5  0.6
(b)
En
er
gy
λ
M=126, E0(Pf)M=126, E1      M=150, E0(not APf)
 0.2
 0.4
 0.6
 0.8
 1
 0.4  0.5  0.6
(c)
O
ve
rla
p
λ
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.1  0.2  0.3  0.4  0.5
(d)
En
er
gy
Vpf
FIG. 3: a).The overlap of the ground state from Eq.(6) with
12 electrons and 22 orbitals, with Pf model wave function (in
M = 126) and with APf (in M = 150). For b)∼d) we zoom
around λ ∼ 0.5, and focus on 12 electrons, 26 orbitals with
the last four orbitals imposed with a one-body potential VPf.
The inset of a). schematically shows edge potential induced
level crossing, which is explicitly shown in b) with VPf = 0.2;
c). the overlap of the ground state in M = 126 with Pf model
wavefunction with VPf = 0.2; d). The energy evolution of low-
lying states in M = 150 with λ = 1. The red part is the wave
function with high overlap with APf model wavefunction.
potential Vpf to the last four orbitals, to model an edge
potential profile that favors the Pf state. A clear level
crossing in M = 150 subspace is observed at Vpf ∼ 0.25
even with λ = 1 (Fig. 3(d)).
The more realistic case is with λ ∼ 0.5, in which PH
symmetry breaking by three-body interactions (presum-
ably from LL mixing) is small. In the regime Vpf > 0.25,
small three-body interaction that favors APf phase is in-
consequential: the ground state in M = 126 is manifestly
in the Pf phase, while the ground state overlap with APf
state in M = 150 is close to zero. We can also see that
the ground state in M = 126 maintains high overlap
with Pf model wavefunction even for relatively low VPf
(see Fig. 3(c)), and its energy is significantly lower than
the ground state in M = 150. Thus while the bulk inter-
action leads to the ground state favoring the APf phase
with λ > 0.5, the presence of the edge readily induces
level crossing and opens up a larger incompressibility gap
for the Pf phase, as schematically illustrated in the inset
of Fig. 3(a).
We now discuss the experimental relevances of the edge
potentials at half-filling. Following the recent experi-
ment, it was suggested[10, 11] the PH-Pf phase could
be stabilized by disorder, with the claim that all past
experiments detected the PH-Pf phase[11]. Even if that
is the case, Pf and APf are still well-defined topological
phases in the clean limit, and in principle can be real-
ized in experiments. Our work suggests that in the clean
limit, realizing Pf or APf phase can strongly depend on
the edge potentials in the experimental samples. In par-
ticular, a sharp edge potential generally favors the Pf
phase (see Fig.(2)), which could be realized despite the
bulk interaction (e.g. from LL mixing in Galilean in-
variant systems[35]) weakly favoring the APf phase (see
Fig.(3)). For smooth edge potentials, APf is generally
favored; but it is worth pointing out that the notion of
smoothness/sharpness should be considered with respect
to the magnetic length lB defining the width of Lan-
dau level orbitals. For the same edge potential profile,
with stronger magnetic field the potential varies more
smoothly from one orbital to another.
Another possible scenario is that different topological
phases have been realized in different experimental set-
tings. It was also previously suggested[9] that by tun-
ing the confinement potential (one of the main contri-
butions to the edge potential), the APf phase was de-
tected at weak confinement, while a 331-like phase was
observed at strong confinement instead of the Pf phase.
One should note that the 331 state has the same topo-
logical shift as the Pf state, thus the edge potential fa-
voring the latter also tends to favor the former. Numer-
ical evidence overwhelmingly favors Pf when only bulk
interaction is considered[37–41]. Most experimental ev-
idence also favours spin polarised states, though a bit
less conclusive[42–45] with both spin polarized[15, 46–
49] and unpolarized[16] possibilities reported. This is
understandable, as the issue of spin polarisation likely
depends on many experimental parameters and could be
different for different experiments or samples. One pos-
sibility for the absence of Pf is that when strong confine-
ment potential favours Pf over APf in the experiments,
the spin unpolarised 331 state is also favoured and thus
may compete energetically[52], further reducing the in-
compressibility gap. One can go to strong magnetic field
in the experiments to suppress the spin unpolarised state,
but this also results in smaller lB so that the edge po-
tential profile is effectively more smooth (as given by the
dependence of Vm on m in Eq.(3)), leading to the APf
phase being observed instead.
Conclusions – We present general and analytical argu-
ments with detailed numerical computations to show that
edge potentials can play an important role in determining
the topological orders at half-filling of FQH systems. The
analysis should apply to cases where competing topolog-
ical phases occur at the same filling factor but with dif-
ferent topological shifts. For systems with an edge, there
is a bulk-edge correspondence between the bulk guiding
center spin and the edge topological shift, and the latter
strongly couples to the detailed one-body potentials at
the edge. While most attentions in the past focused on
bulk interactions, we show explicitly for the competition
between Pf and APf phases that the edge potentials can
5be the dominating effects in principle, which cannot be
ignored in experiments especially since the effective edge
potential also depends on the strength of the magnetic
field.
We conjecture the detailed edge potentials could be
important for the stabilisation of the recently proposed
PH-Pf phase. PH conjugation on systems with a bound-
ary involves the addition of non-trivial edge potentials
(see Eq.(4,5)), and given any bulk interaction there is
a unique edge potential profile for the system to be PH
symmetric (see Fig.(2a)). We thus expect the stability of
the PH symmetric topological phase can be strongly af-
fected not only by the bulk dynamics, but also the details
at the edge. The PH-Pf is conjectured to be stabilised by
disorders in the bulk[11, 50], and our work suggests the
interplay between bulk interactions, edge potentials, as
well as correlated disorders both in the bulk and near the
edge could be essential in studying PH-Pf, though un-
fortunately detailed numerical analysis with disorder on
disk geometry is hampered by the finite size limitation.
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